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Abstract 

We present a conjecture on the complete spectrum of single-trace operators 
in the infinite N limit of Wm minimal model and evidences for the conjecture. 
We further propose that the holographic dual of Wn minimal model in the 't 
Hooft limit is an unusual "semi- local" higher spin gauge theory on AdS^ x S . 
At each point on the S 1 lives a copy of three-dimensional Vasiliev theory, that 
contains an infinite tower of higher spin gauge fields coupled to a single massive 
complex scalar propagating in AdS^. The Vasiliev theories at different points on 
the S 1 are correlated only through the AdSs boundary conditions on the massive 
scalars. All but one single tower of higher spin symmetries are broken by the 
boundary conditions. 



1 Introduction 



The AdS/CFT correspondence [T] in principle gives a precise and non-perturbative 
formulation of quantum gravity in terms of large N gauge theories. In practice, our 
understanding of quantum gravity using AdS/CFT has been largely limited by dif- 
ficulties in solving strongly coupled large N gauge theories. Thus, exactly solvable 
models of strongly coupled gauge theories with a semi-classical gravity dual are highly 
desirable. In two dimensions, there are lots of exactly solvable conformal field theories. 
Most of them do not have a large N limit that allows for a weakly coupled gravity 
dual. In [2J, Gaberdiel and Gopakumar proposed that Wn minimal model, which may 
be constructed as the coset model 

SU(N) k x SUjN^ 
SU(N) k+l 

has a 't Hooft-like large N limit, where N, k are taken to infinity, while the 't Hooft 
coupling 

\ N 
k + N 

is held fixed (between and 1). The Wn minimal model was conjectured to be dual to 
a higher spin gauge theory in AdS 3 , coupled to massive scalar fields. It was observed 
that, in particular, a class of Wn primary operators in the CFT has order 1 conformal 
weight in the large N limit. The central charge of the CFT is 

The linear dependence on N is characteristic of a vector model. It was not at all 
obvious, however, that the primary operators can be classified as single-trace or multi- 
trace operators in the large N limit, which are supposed to be dual to single elementary 
particle states or their bound states in the bulk. It was also not obvious that the 
correlation functions of the primaries obey large N factorization, according to the 
appropriate classification of single-trace and multi-trace operators. There is the further 
complication with the existence of a large set of "light primaries", whose conformal 
dimension go to zero in the infinite N limit, which nonetheless do not decouple in the 
correlation functions [10] . 

The identification of a number of single-trace versus multi-trace operators, and 
the large N factorization of their correlation functions, are demonstrated in [11] by 
analyzing exact results of three-point functions. There, a complete picture of the single- 
trace/one-particle spectrum and the interpretation of the single-trace light primaries 
was still missing. In this paper, we will present a conjecture on the complete spectrum 
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of single-trace operators of finite conformal weight in the infinite N limit. Importantly, 
we will argue that there are a large set of hidden symmetries in Wn minimal model 
that emerge in the infinite iV limit, and are broken by 1/N effects, in a manner that 
is similar to higher spin symmetries in three-dimensional Chern-Simons vector models. 
The currents that generate these hidden symmetries come from Wn descendants of light 
primaries at finite N, but effectively become primary fields in the infinite N limit. They 
are dual to gauge fields in AdS% of various spins, under which the massive scalars are 
charged. The corresponding gauge transformations are incompatible with the boundary 
conditions on the massive scalars, which leads to the breaking of symmetry. 

Our conjecture on the large N spectrum, combined with the identification of the 
gauge generators acting on the matter scalars, leads to a dramatically new picture 
of the holographic dual of the Wn minimal model. We propose that the dual higher 
spin gauge theories is a "semi- local "0 theory living on AdS% x S l . This is not an 
ordinary four- dimensional field theory, however. At each point of the S l , there is a 
tower of higher spin gauge fields in AdS 3 , coupled to a single complex massive scalar 
field, of the type described by Vasiliev's system in three dimensions. The different 
Vasiliev theories at different points on the S 1 appear to be decoupled at the level of 
bulk equations of motion. Rather, they interact only through the boundary condition 
which mixes scalar fields living at different points on the circle S 1 . Essentially, while 
all the scalars classically have the same mass in AdS^, the boundary condition assigns 
one scaling dimension A + on right-moving modes of the scalar on the circle, and the 
complementary scaling dimension A_ = 2 — A + on left-moving modes of the scalar on 
the circle. 

While our proposal for the holographic dual is rather unconventional due to the 
large degeneracy in the bulk fields, it seems to be unavoidable due to peculiarities 
in the structure of large N factorization in Wn minimal model. We believe that it 
is characteristic of gauged vector models on non-simply connected spaces [131 EH]- 
Presumably, what we see here is the field theory of the tensionless limit of a more 
conventional string theory in AdS%, dual to quiver-like generations of the Wn minimal 
model, and the S 1 should come from a topological sector of the string theory in this 
limit. 

In the next section, we briefly review the construction of Wn minimal model CFT, 
and what's previously known about the structure of single-trace and multi-trace op- 
erators in this CFT in the infinite N limit. In section 3 and 4, we present some new 
examples of single-trace operators and operator relations involving light primaries at 
large N. In section 5, we argue that the operator relations that seemed to be in conflict 

lr The terminology comes from analogy with the holographic theory of semi-local quantum liquids 

[TJ. 
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with large N factorization should in fact be interpreted as current non-conservation 
relations for currents that generate approximate "hidden" symmetries in the large N 
limit. Further data on higher spin currents of this sort are presented in section 6. In 
section 7, we state our conjecture on the complete spectrum of single-trace operators in 
the CFT at infinite N, or single-particle states in the bulk. These include the infinite 
family of massive scalar s <j> n , <f> n , light scalar s co n , and the hidden higher spin currents 
jn" 1 , all of which are complex. Various checks based on partition functions and charac- 
ters are given by section 8. In section 9, we determine the gauge generators associated 
with the hidden symmetry currents, and reveal the picture of semi-local higher spin 
theory on AdS$ x S . We discuss the implication of our results in section 10. 



2 Summary of previous results 

The Wn minimal model has a holomorphic higher spin current and an anti- 

holomorphic current W S ^ for each spin s — 2, 3, 4, • • • ,N. The Fourier modes of 
generate the Wn algebra, which is a higher spin generalization of the Virasoro algebra. 
In the large N limit, the Wn algebra turns into the Woo [A] algebra that contains 
generators with arbitrary spins. In Wn minimal model, the Wn primary operators, 
the primaries with respect to the Wn algebra, can be labeled by two representations 
(A + , A_), where A± are the highest weight representations of SU(N) k and SU(N) k+ i, 
respectivelyEl For fixed representations A + ,A_ at sufficiently large N$ the fusion 
coefficients for the primary operators in the Wn minimal model is simply given by the 
product of the fusion coefficients in the SU k and SU k+ i WZW models, i.e. 

where A^i } a2 a3 is the fusion coefficient of SU{N) k WZW model. 

The gravity dual of Wn minimal model at large N must be a higher spin gauge 
theory, containing a tower of gauge fields of spins s = 2,3,4, ■•• ,oo that are dual to 
the higher spin currents W^ s \ The pure higher spin gauge theory on AdS^ can be 
described by the Chern-Simons action with hs(X) x hs(X) gauge algebra. The higher 
spin algebra hs(X) is an infinite dimensional Lie algebra, and by a Brown-Henneaux 
type computation, it was shown, in [21 IH E], that the asymptotic symmetry algebra of 
hs(X) is [A]. It also follows from this computation that the bulk coupling constant 



2 A prior, the primary should also depend on the highest weight representation Ao of SU(N)±. 
However, Ao can be determining by requiring A+ + Ao — A- being inside the root lattice of SU(N). 

3 Namely representations that are found in the tensor product of finitely many fundamental or 
anti-fundamental representations of SU(N), at large N. 
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is proportional to inverse the square root of the central charge, i.e. 



9bulk ~ vs ~ vF (2 - 2) 

The primary operators in the Wn minimal model, constructed from the diagonal mod- 
ular invariant, do not carry spin. They should be dual to scalar elementary particles 
and their bound states with zero angular momentum, that become unbound in the 
infinite N (zero bulk coupling) limit. In particular, the primary operator 0i = (□, 0) is 
dual to a scalar field with left and right conformal weight equal to 

^(qo) = ^(1 + A) (2.3) 

in the large N limit. The primary 0i = (□, 0) has the same dimension in the large N 
limit, and is dual to the anti-particle of (□, 0). The primary operators ([], 0) and (m, 0) 
have conformal weights 

fyg,o) = 1 + A, fy m , ) = 2 + A (2.4) 

in the large N limit. Note that fyn ) an d ^(m,o) are twice the dimension of (n,0) 
plus a non-negative integer. This allows for the identification of ([], 0) and (m, 0) as 
two-particle states of 0i's. In general, the primary operators of the form (A, 0) are 
dual to the multi-particle states of B(A) 0i's, where -B(A) is the number of boxes of 
the Young tableaux of the representation A (here we assume that B(A) does not scale 
with N). The Wjy minimal model in the large N limit has a symmetry that exchanges 
A + with A_, while flipping the sign of A. Hence, the primary 0i = (0,n) is also dual 
to a scalar elementary particle, with dimension 

Vn) = ^(l-A), (2-5) 

and the primaries (0, A) are dual to the multi-particle states of <f>x. The fusion coeffi- 
cients (12. II) implies that the primaries of the form (A, 0) (or (0, A)) are closed under the 
OPE, as long as A is small compared to N. They form a closed subsector of the Wn 
minimal model in the large N limit. Either one of these two subsectors has a consistent 
set of n-point functions on the sphere, in the sense that they factorize through only 
operators within the same subsector. In [8], we proposed a bulk dual for each of the 
subsectors. The classical bulk theory is described by Vasiliev's system in three dimen- 
sions O El E] , which is a higher spin gauge theory of gauge fields of spin s — 2, 3, • • • , oo 
based on the higher spin algebra /is (A), coupled to a complex massive scalar field of 
mass squared m 2 = —(1 — A 2 ). This conjecture has also been checked by computations 
of the three-point function ((f>i4>iW^ s ') on both side of the correspondence [5JE]. The 
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bulk dual of other primary operators was first studied in [10], and later extended in 

nn. 



In [TT], we computed the three-point functions of primaries (□, 0), (□,□), and/or 
their charge conjugates, with the primary (A+, A_) where A± are m or []. This result 
allowed us to identify the primary operators (A + ,A_), for A± being one- or two-box 
representations, with the single-particles or multi-particle states in the bulk in large N 
limit. The result in [IT] can be summarized in the following table: 



A+\ 





□ 


m 


B 








01 




0? 


□ 


01 




^(01^1 + 2 ) 


71 (0i^i - 02) 


m 


L 4>i 


-j^((f) 1 UJ 1 +(f)2) 




^(^-^(0^2-0200) 


B 


0? 


^(faun-fa) 


73(^ + 75(0102-0201)) 


- V2co 2 ) 



where the 0i, 0i, 02, 02, uj 2 are operators that dual to the elementary particles in 
the bulk: 

01 = (□,()), 0! = ((),□), Wi = (□,□), 

1 P/ . „ „ ~ 1 



[(m,n)-(B,a)], 02 



V2 

^[(m,m) 



v/2 



[(□,m)-(n,B)] 



(2.6) 



BB)1- 



Two comments about this identification: first note that the expressions only make sense 
in the large A^ limit since each term in the linear combination has different dimension 
in the subleading order of 1/N. In the large A^ limit, we conjecture that each term in 
the above linear combination has the same dimensions and higher spin charges. This 
conjecture has been checked up to spin 5; see appendix A. Second, in the table, the 
products of the operators are well-defined because one can check that the OPE's of the 
them have no singularity in the large A^ limit. The operator Lq is defined as 



2^2h 



(OddO - dOdO) 



(2.7) 



Again, the products are well-defined since there is no singularity in the OPE. This 
table is further subject to a relation [TO] : 



1 



2h„ 



-dduji 



{2.1 



The bulk physical meaning of this relation will be explain in detail in the section 5. 



5 



3 New single-trace operators/elementary particles 



Let us extend this table to the the representation with three boxes. Before diving 
into the computation of three-point functions, there are some principles can help us to 
determine whether a primary operator Oa can be dual to the two-particle state of two 
elementary particles that are dual to Ob and Oc- First, the primary Oa must appear 
in the OPE of the primary Ob and Oc- Second, the dimension of the primary Oa must 
be equal to the sum of the dimension of Ob and Oc up to higher order corrections in 
1/N. Following is a table summarizing the dimension of the primary operator up to 
representation of three boxes. 



iv +^^ 





□ 


m 


B 


cm 


BP 










l-A 
2 


(1-A)+1 


l-A 


3(!=±) +3 


3(¥)+i 


3(¥) 


□ 


1+A 


2N 


l-A 
2 


l-A 
2 


(1-A) + 1 


l-A 


l-A 


m 


(1 + A) + 1 


1+A 
2 


A y 

TV 


1 


l-A 


l-A 
2 


2 ' 1 


B 


1 + A 


1+A 


1 


N 


^ + 2 


l-A 
2 


l-A 
2 


cm 


3(l±A)+3 


(1+A) + 1 


1+A 
2 


^ + 2 


2N 


1 


3 


EP 


3(1±A) + 1 


1 + A 


1+A 
2 


1+A 
2 


1 


3A^ 
2N 


1 




3(¥) 


1 + A 


i+A + i 

2 ~ 


1+A 
2 


3 


1 


3A a 
2N 



Let us first focus on the light states: (cm, cm), (EP)EP)> (§>g)- By ^he f us i° n rme 
and the additivity of the dimension, two linear combinations of these three operators 
can be identified with the multi-particle states uf and U\U)2- Let us see this explicitly 
in terms of structure constants. A formula of a large class of the structure constants 
is given in [TT]. By explicitly evaluating the formula, we find out that, in the large iV 
limit, the OPE of (□, □) and (m, m) has no singularity, hence the product (□, c)(m, m) 
is well-defined, which in the large N limit is 



(□,d)(m,m) = (cm, cm) + (ERER. 
Similarly, in the large N limit, we have 

(□.□)BB = (BBR) + §@)- 

Rewriting the equation in terms of uj\,uj2, we have 



L0-, 



( rm . rm ) — 

(cm,mcO + 2(F,EP) + (g§ 

There is one linear combination of ( rm . rm ), ( m , p) 
as co>iCo>2,^i- This operator should be dual to a new lig 
we define 

Wrm)-(F,EP) + §§ 



(3.1) 
(3.2) 

(3.3) 



oj 3 



1 

7! 



g), which cannot be expressed 
it elementary particle. Hence, 



(3.4) 
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which is orthonormal to uiU2,ujf and is a new elementary light particle. 

Next, let us look at the primaries with dimension and with three boxes rep- 
resentations. They are (m, rm ). (m, P), (g, P), (g, |E|). From the additivity of the 
dimension, three linear combinations of these four operators can be dual to the multi- 
particle states <f>iU)2,<f>iU)f,<f>2U)i. Again, we can see this explicitly from the structure 
constants. From the structure constant computation, we have the following products 
at large N: 

((),□) (m,m) = + ^(m,^), 



(o,n)eB) = yf©P) + -^e§), 

(□,□)(□, m) = (m,cm) + ^(™,P) + ^(B,P), 



(3.5) 



Expressing them in terms of <f>i, 2 , Wi, w 2 , we obtain 
1 



1 ~ 



(f) lU jf = X 



(m,cm) + ^ff) - v^BEP) - Eg) 

(m,m) + (B,B) J_ 
V6 



1 ^ [(D,m) + (p,g)] _ 1 
1 



m, an) + (m, P) + v^B P) + B g) 
m, cm) + v/2 (m, |=p) + ^(g, p) + (g, g 



v^(m,crn) - (m,P) + BP) - v^Bg) 



(3-6) 

There is one linear combination of (m. rm ). (m. [p). ([]. gp). (g. jjj). which is linear 
independent of 0iW 2 , 2 Wi, and should be dual to a new elementary particle in 
the bulk. Hence, we can define 

1 



V6 



V2(m,nn) - (m,P) - BP) + v^Bg) 



(3.7) 



which is orthonormal to 0iW 2 , r^^i^i, 02^1- Similarly, by exchanging the left and right 
representations, we have 



hU2 = 71 

1 A 2 1 

2Wl = -L 



cm,m) + v/2(F,m) - v^PB) - (gB) 
cm,m) + v/2(F,m) + v^PB) + (§B) 
v^N, m) - (P, m) + (P, B) - V2§ B 



(3.8) 
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and we define 



1 



2(cm,m) — 



(F,m)-(P,B) + v / 2§B) 



(3.9) 



Next, let us focus on the primaries (□, EP), (□, g). By the fusion rule and the 
additivity of the dimension, it is not hard to see that they must be identified with 
the two linear combinations of 0102 and 0J\(j)\, which are dual to two- and three- 
particle states. Similarly, the primaries (fp, □), (□,□) are identified with the two linear 
combinations of 0i0 2 and All the other primaries: (n. rm ). (m, |E|), rm ), 

( rm . p), ( rm . □), (£p, g), and the primaries with left and right representations 
exchanged, are also dual to multi-particle states. We will show this in section 8. 



(4.1) 



4 Large N operator relations involving 002 and 0J3 

There is a new relation involving the descendant of u 2 , similar to the relation (12. 81) . 
By the following two structure constants: 

c nor ((o, Q ), (B, □), SB) = ^ + o(^), 

a or ((0,a), (m,a), (m,m)) = ^ + 
we have the three-point functions: 

(^(z)fc(ti;)&(0)) = (u 2 (z)Mw)M0)) = ^ N ]z _ wl 2x] wm -2X > (4-2) 
in the large N limit. Taking dd on u 2 , we obtain: 
(ddu 2 (z)Mw)fa(0)) = (ddcu 2 (z)M™)M^ 



(4.3) 

The two factors on the right hand side of (14.31) are precisely given by the two-point 
functions of (0202) and ^0i0iy, or (0i0i) and ^0202^- Hence, this suggests the 
following relation in the large N limit: 

1 -ddu 2 = -^(0i02 + 0i0 2 )- (4.4) 



2/ioj 2 \/2 

To make sure that there are no extra term on the left hand side, one can compute the 
two-point function for the right hand side of (I4.4p with its charge conjugate, and the 
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two-point function for the left hand side of (14.41) with its charge conjugate, and find 
that they agree. 

Form the previous analysis on Ui, U2, it suggests that there is also a relation involv- 
ing the descendant of u 3 . We postulate such relation should be 

1 -d8u 3 = -^(0103 + 0202 + 030l)- (4.5) 



We give an argument for this relation. In the large N limit, we have the following 
structure constants 

C nor ((0,n), (nm,m), (HB,3B)) = ^, C nor ((0,n), (§,B), §§)) = ^ 

a o ,((0,n), (P,m), (p,P)) = C nor ((0,n), (p,B), = 

(4.6) 

These structure constants give the three-point functions: 

in the large N limit. Taking <9<9 on u) 2 , the three-point function again factorizes as a 
product of two two-point functions: 



(^3(^)0^)03(0)) = (^ 3 (^)03^)0l(O)) = ^N\z- W \^)\z\^Y ( 4 - § ) 



The three-point functions (14.81) imply the relation 

ddu 3 = ^(0103 + 0301 + •••)• (4.9) 

By comparing the two-point functions of the left and right hand sides with their charge 
conjugates, we know that the "■ • • " must take the form as a single term n m with 
n, m ^ 1, 3, and the only candidate is 0202- 



5 Hidden symmetries 

In this section, we give physical interpretation of the relations (12. 8p . ( 14. 4p . (14. 5p . and 
provide a bulk mechanism of producing such relations. The key observation is that 
the dimension of u n goes to zero in the large N limit. Therefore, it should effectively 
behave like a free boson, whose derivative is a conversed current. Hence, we define 
the holomorphic current (jn ) z — du n / ^2h UJn and also the antiholomorphic current 
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(jn )z — du n / \/2h 0Jn: for n = 1,2,3, which has normalized two-point function with 
itself. For simplicity, we will sometimes suppress the index by simply denoting (jn) z 
as j$p in the following. However, since the dimensions of u n are not exactly equal to 
zero, the currents j n are not exactly conserved. The relations (12.81) . (14.41) . (14.51) are 
then naturally interpreted as current non- conservation equations [T5l [16], [17] : 

dj® = "^=(010n + 020n-l + • • • + 0n0l). (5.1) 
V JM 



The bulk interpretation of these current non-conservation equations is simple. Let 
us illustrate this by considering the case of jn • In this case the current non-conservation 
equation is simply 

BjP = ^=0i0i. (5.2) 
v JM 



Following the AdS/CFT dictionary, the bulk dual of the current j^ is a U(l) Chern- 
Simons gauge field A^, and the bulk dual of the operators 0i, 0i are two scalars $, $. 
These two scalars have different but complementary dimensions, hence they have the 
same mass but different boundary conditions. They can be minimally coupled to the 
gauge field A^. The action of this system up to cubic order is 

S = ^ J AdA + 2i J d 2 xdzyJgA» - . (5.3) 

Using this action, we can compute the three-point function of Bj^ with 0i,0i. The 
boundary to bulk propagator of the Chern-Simons gauge field takes a pure gauge form 
Afj, = d^A. The cubic action, hence, can be written as 



lim - / d 2 xA 



(5.4) 



The three-point function is then given by 

j[ l) (^3)0i(^i)0i(^2)^ 

= lim - / d 2 xA(x — x 3 ) \K 1+ x(x — Xi)d z Ki_\(x — x 2 ) — K\_\{x — X2)d z K 1+ \(x — Xi)] 

z^O Z J 

. r , 2 1 1 1 

= —16n\ / a x- — ; 



X + — ) \x — x 2 \ 2 ^ X) \x — Xi| 2 ( 1+A ) ' 



(5.5) 

where and A are the boundary to bulk propagators for the scalar and gauge func- 
tion: 

K — ( Z \ A — ^ (5 6) 

A \ z 2 + \x\ 2 j ' x + 
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Taking the derivative -^r on the above expression, we obtain 

(dji 1 ) {£ 3 )<t> 1 {x 1 )t 1 {x 2 )} = -16tt 2 A J d 2 x5 2 (x - x 3 ) _ i |2(1 _ A) |f _ i |2(1+A) 

_ 167T 2 A - 

1^3 — X2| 2( - 1_A ^3 — 2 f i| 2 ( 1+A ) ' 

(5.7) 

which factories into a product of two two-point functions of scalars with dimension 
A = 1 + A and 1 — A. This matches exactly with what we expected from (15 .2p provided 
the identification of the Chern-Simons level kcs = N. In section 8, we will show that 
every (jn) z gives a U(l) Chern-Simons gauge field, and combined with the gauge field 
dual to {jn )zi they form a U(l)°° x U(l)°° Chern-Simons gauge theory in the bulk. 



6 Approximately conserved higher spin currents 

The approximately conserved spin-1 current (jrP) z generates a tower of approximately 
conserved higher spin currents, by the action of Wn generators on (jn ) z - For example, 
(Ji )z has a level-one W-descendent 



(jf), = ; 1 f - -zAL_i ) 
Ul ' v/2(l-A 2 ) V 2 V 



(6.1) 



2A 2 (1 - A 2 



which is also a Virasoro primary. This is an approximately conserved stress tensor. 
The current non-conservation equation of (Ji ) z then descends to the current non- 
conservation equation of (jx) z ' 

W\ - 1 ( u/(3) _ 3 ar A 



Ul ; -v/2ri - A 2 ) V 2 11 



iX ' * ^ 



y/2N0- - A2 ) 



X)d<f> 1 (f> 1 - (1 + A)0 



1^1 



where we have used the null-state equations in appendix C. In general, the approxi- 
mately conserved spin-1 current {j\) z has exactly one W^-descendant Virasoro primary 
(j[ ) z at each level s, which takes the form as 

= VN{ ai W^ l) + a 2 dW% + ■■■ + a s d s )u 1: (6.3) 

where are some constants depending on A, and can be fixed by requiring (j[^) z being 
a Virasoro primary. The (j[ ) z s are approximately conserved higher spin currents. 
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They satisfy the current non-conservation equations taking the form as 



1 



(&i<9 s -Vi0i + hd 3 - 2 ^! + ■■■ + bsfad*- 1 ^) 



(6.4) 



where b s are constants depending on A, and can be fixed by requiring the left hand side 
of (16 .4p being a Virasoro primary. By same argument, there are also antiholomorphic 
higher spin currents (j[ We expect that there are also approximately conserved 
holomorphic and antiholomorphic higher spin currents (jjj^)*, (ji^)z, and (j^)?, (jjf^z 
that take a the similar form as (16. 3p . 

7 The single particle spectrum 

Now we state a conjecture on the complete spectrum of the single particle states in 
the bulk. Throughout this paper, by a single-trace operator we mean an operator that 
obeys the same large N factorization property as single-trace operators in large N 
gauge theories; such an operator is dual to the state of one elementary particle in the 
bulk. The products of single-trace operators are dual to multi-particle states. As we 
have seen in the previous section, the primary operators that involve up to one box in 
the Young tableaux of A + and A_ are all single-trace operators: they are 0i, 0i, and 
uo\. The primaries that involve up to two boxes in the Young tableaux of A + and A_ are 
some suitable linear combination of single-trace operators (fi 2 , 4>2, ^2, or products of two 
single-trace operators. We have also seen some evidences that the primaries with up 
to three boxes in their representations are linear combinations of single-trace operators 
03, 03, oj 3 , or products of single-trace operators. We conjecture that the primaries 
with up to n-box representations are linear combinations of single-trace operators <p n , 
<p n , u n , or products of such single-trace operators 4> m , 4> m ,u m for m < n. Here n is a 
linear combination of primaries of the form (A + , A_) that involve (n,n — 1) boxes, <p n 
is a linear combination of primaries that involve (n — l,n) boxes, and u n is a linear 
combination of light primaries of the form (A, A) where A involves n boxes. 

A part of this conjecture is easy to prove: the statement that there is only one light 
single-trace operator u n for each n labeling the number of boxes in its corresponding 
SU(N) representations follows easily from the fusion rule. First we note that generally, 
the light state of the form (A, A) have dimension B(A)X 2 /N + 0(N~ 2 ), where B(A) 
is the number of boxes of the Young tableaux of the representation A, in the large N 
limit and fixed finite B(A). We may write a partition function of the light states 




(7.1) 



(A,A) 



n=l 
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Each single-trace operator of dimension n\ 2 /N is a linear combination of (A, A) with 
B(A) = n. The dimension of the product of single-trace operators is additive at order 
1/N. The products of a single-trace operator is counted by the partition function 
1/(1 — x n ). By comparing this with Z(x), we see that there is precisely one single-trace 
operator u n for each n. 

The 4> n , <j> n , oo n are all the single-trace operators that are dual to scalar fields in 
the bulk. These are not all, however. There are other single-trace operators that 
are dual to spin-1, spin-2, and higher spin gauge fields. As explained in the previous 
section, while du n is a level-one descendent of u n , the norm of du n goes to zero in the 
large N limit. Consequently, the normalized operator (jn^)z ~ VNdu n behaves like 
a primary operator. Such operators will be referred to as large N primary operators, 
and we include them in our list of single-trace operators because they should be dual 
to elementary fields in the bulk as well. We conjecture that jjp's are single-trace 
operators dual to the spin-1 Chern-Simons gauge field in take bulk. This statement 
has passed some tests involving the three-point function of ffi with two scalars. This is 
not the end of the story. As shown in the previous section, there are large N primaries 
of higher spin s, denoted by jn\ These are single-trace operators dual to additional 
elementary higher spin gauge fields in the bulk. Unlike the original Wn currents, 
however, the would-be higher spin symmetries generated by jn^ are broken by the 
boundary conditions on the charged scalars, leading to the current non-conservation 
relation. These hidden symmetries are recovered in the infinite A" limit. 

Let us summarize our conjecture on the single-particle spectrum. There are two 
families of complex single-trace operators (p n ,4>n, which are dual to massive complex 
scalar fields (of the same mass classically), one family of complex single-trace op- 
erators u n , that are dual to massless scalars in the bulk, and a family of approxi- 
mately conserved higher spin single-trace operators ji^ for each positive integer spin 
s = 1, 2, 3, • • • , that are dual to Chern-Simons spin-1 and higher spin gauge fields. 

8 Large N partition functions 

In this section, we check our proposed single particle spectrum against the partition 
function of the Wn minimal model and the Wn characters of various primaries in the 
large A" limit. 

Let O be a single-trace operator with left and right dimensions ho and h - From 
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the bulk perspective, the (free) single particle contribution to the partition function is 

a h o (8.1) 
1 - q 

The coefficients of the g-expansion are 1 in this case; they count the operators O, dO, d 2 0, 
There is an exception to the formula ( 18. ip . If the single-trace operator O has zero con- 
formal weight, then the character is identity, i.e. Xoi^o = 0) = 1. Xo * s no ^ the same 
as the Wn character for the primary O in the large N limit, because it misses the 
contribution from boundary excitations of higher spin fields. The contribution from 
the boundary higher spin gauge fields to the partition function is 



oo oo 

Z hs =\xZ?, *£ = nil 7]—^y ( 8 -2) 



q 

s=2 v ^ 



According to our conjecture, the single particle partition functions is: 



1+A _ 1+A 1-A _ 1-A 

q 2 q 2 ry q 2 q 2 



[l-q)(l-qy ^ (l-q)(l-q) 



1.3) 



and 



Z„„ = l, Z# = Xfr = £- t . (8.4) 

For simplicity, let us summarize all the character of higher spin gauge fields as a single 
character y°°: 

OO CO g 



= 1 



Next, let us consider the partition function for the Wn minimal model in the large 
N limit. Following from the diagonal modular invariance, the partition function in the 
large N limit is given by the sum of the absolute value square of the characters: 



Z W N - |X(A+,/ 



-' A -)! • (8.6) 

(A+,A_) 

The characters X(a + ,a_), for A± being representations with one to three boxes in the 
Young tableaux, in the large N limit are computed in the appendix D up to cubic order. 
The following formulas in this section have all been checked up to this order. Let us 
start by looking at the contribution of the identity operator to the partition function, 
which in the large N limit gives the partition function of the boundary higher spin 
gauge fields: 

Jim |X(o,o) I 2 = Z hs . (8.7) 
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The primary operators (□, 0) = <pi and (0,n) = <p\ are dual to massive scalars. Their 
contributions to the partition function indeed give the partition function of single 
massive scalar: 

ZhsZfa, 



*™ IX(Q0)| 

N— >oo 

lim |X( , D )| 



The primary operator (□, □) = oj\ is dual to a massless scalar, and its descendants 
ji^ 1 are dual to spin-1, spin-2 and higher spin gauge fields. Also, by the current non- 
conservation equation ( 16. 4p . some of the descendants of (□, □) are dual to the two 
particle states. Therefore, contribution of (□, □) to the partition function decomposes 
as 

^ \X(un)\ 2 = z hs(Z Wl + + Xfi + z <h z *d> (8.9) 
where the last term is the contribution of the two particle states of <pi and <p\. 

The identification of other primary operators are inevitable involving multi-particle 
states. By Bose statistics, we can write a multi-particle partition function in terms of 
the single-particle partition function (18. ip as 



rymulti 
Zjq 



(t) = exp 



m=l 



7 (rim p^r 



rn 



5.10) 



Suppose O = <f) n , then the partition function Z™^ ltl {t) can be expanded as 

oo 



(8.11} 



where Z^m is the m-particle partition function. For instance, and Z^ are given by 

q 1+x q 1+x (l + qq) 



;i-g) 2 (l + g)(l-g) 2 (l + g) 



3 

Q 2 



(1+X) q z(l+X)(l + qq _|_ q 2 q _|_ q 2 q _|_ q l q 2 _|_ 



(8.12) 



^ (1 - g) 3 (l + g)(l + g + g 2 )(l - g) 3 (l + g)(l + g + g 2 ) ' 
For O = u n , all the m-particle partition functions are identity: 

Z uV ? = 1. (8.13) 

(s) (s) 

For O — jn , the multi-particle partition function for j„ , s = 1, 2, ■ ■ • , can be com- 



puted from 

oo 

Z™ ulti (t) = T\z n lf i {t) = exp 



EE— — * 



m=l s=l 



m 



exp 



X u \M ) , r . 



m=l 



77? 



(8.14) 
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Expanding Z™ ultl (t) in powers of t, we can write the Z™ M/fa (t) as 

Z£**{t) = 1 + xTJ + Xpf + X%t 3 + ■■■, (8-15) 

where has the interpretation of the m-particle character (partition function). For 
instance, 

(l-#(l + g) 2 ' , . 

« 9 3 (l + g 2 + 2g 2 + g 4 + g 6 ) 

(l_ g )6( 1+g )2( 1+g + g 2)2- 

Let us continue on the matching of boundary and bulk partition functions. Consider 
the primary operators (0,0) and (m, 0). They are dual to two-particle states. Their 
contribution to the partition function matches with the two particle partition function: 

J™ (lX(m,o)| 2 + lx (B o)! 2 ) = Zh.Z#. (8.17) 

Now, consider the primary operators (cm, 0), (Ep, 0), and (^,0). They are dual to 
three-particle states. Their contribution to the partition function matches with the 
three-particle partition function: 



Jim (j ta ,o)| 2 + |x ( m, 0) | 2 + Ix ( g i0) | 2 ) = Z hs Z^. (8.18) 

Next, consider the primary operators (m, □) and (0,d). Their contribution to the 
partition function also decomposes as the multi-particle partition functions: 

Jim (|x (mD) | 2 + |X(mD)| 2 ) = Z hs [Z^ {Z W1 + X ™ + xff) + Z h Z# + Z 02 ] . (8.19) 

For the primary operators (m, m), (0,0), (m, 0), and (0, m), their contribution to the 
partition function decomposes as 



Zhs 



Z„i + Z Wl { X f + XTJ + UTi + X%) + \Xn\ + Z^Zfr (8.20) 

+ Z^Z h (xl + Xj)+ Z#Z% + Z U2 + ( X ? 2 +xf 2 ) + Z^Z h + Z^Zfr . 

Now, let us go on to the representations with three boxes in the Young tableaux. For 
the primary operators (cm, □), (EP, □), an d ([], □), their contribution to the partition 
function decomposes as 



J™(lx< ma l 2 + lx ffa l 2 + k fr) l 2 ) 



= z hs 



, (8-21) 

Z^ + (Z U1 + xl + xt) z# + z^\ . 
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For the primary operators ( rm . m) , (Pp, m) , (EL m) , (rm , 0) , (pp, []) , and (□, 0) , their 
contribution to the partition function decomposes as 



Jim (| X( ™r 



(z W2 + x - + xf ) + (z wi + x£ + xf ) z fe + z 0? z^ 2 + z^z^ 2 
+ ^ + z WlX - + z^xjf + x% + jq + 
+ (z wi + xfi + xf ) z fl z h + z # z % + z * ■ 

(8.22) 

The contribution from the primary operators ( rm . rm ). ( m , rm ). (EL rm ). ( rm . pp), 
(EP>EP)> (0>EP)j ( rrn - B) i (EP>§)> and (§'§)' ^° ^ ne partition function decomposes as 



>' +lx (g,rm) 1 



_|_ -.,00 OO \ I / ,,00 I 00 I v oo v oo I ,.00 00 



Z„l + ( X - + y£) + Z W1 ( X JS + X] 

+ (X,? + ^ (x£ + xf) + [xTi + xj + xtxj)) z ^z h + {z m + ( x - + xf )) Z^Zg + Z^ ? 

+ + Z Wl jx^ + xf ) + Z U2 (X™ + Xj ) + (Xn + *f ) (Xn + *f ) 

+ (z m + xt + xf) {z^z h + z H z h ) + (z W2 + x~ + x£) z^z h + z^z h z h + z 01 z^ 2 

+ Z Ul +xf 1 +Xf 1 + ZfaZfa + ZfoZfa + ZfoZfa . 

(8.23) 



9 Interactions and a semi-local bulk theory 

The three-point functional involving the hidden symmetry currents amount to the 
following assignment of gauge generators T n associated to the currents jn (z), which 
act on the states \4> m ) and \(f> m ). We use the ket notation here, rather than the primary 
fields themselves, because while (f) m and <p m have different scaling dimensions at infinite 
N, they are dual to scalar fields of the same mass that transform into one another under 
the hidden gauge symmetries. 

T n \4> m ) = \4>n+m), T n \<j) m ) = 
T n \4>m) = -\4> n +rn), T n \(j) m ) 

4 Some three-point functions are computed in appendix E. 



t ) (n < to) or - |0„_ m+ i) {n > m), 
■ t ) (n<m) or |0„_ m+1 ) (n > to). 



(9.1) 
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Let us define the fields p r and p r for r e Z + | by 



(9.2) 



They are related by complex conjugation: 

(p r = <fi- r , Pr = f-r- (9-3) 

In terms of <p r and <p r , the gauge generators act as 

T n \(f r ) = \(f r +n), T n \p r ) = -\<p r+n ) . (9.4) 

We also have 

T n \ip r ) = -\tpr-n), T n \Cp T ) = \<p r -n) ■ ( 9 -5) 

which suggests the definition T_ n = — T n , or = —jn . Now (19 .4p is extended to all 
fiGZ. The action of T n can be diagonalized by the Fourier transform: 

\ V (x))= ^fr), |<P(*)>= E ei ™l^)' T(x) = J]e-T n , (9J) 

rSZ+l/2 reZ+1/2 neZ 

where a; is an auxiliary generating parameter. Here we also included the generator 
Tq which assigns charge +1 to ip and charge —1 to (p. With this definition, \<p(x)) = 
\<p(x)),T(x) = —T(x). We have 

T(x)\<p(y)) = 6(x-y)\<p(y)). (9.7) 

Here x, y are understood to be periodically valued with periodicity 27r. 

What is the interpretation of this result? We see that there is a circle worth of 
gauge generators T(x), each of which corresponds to a tower of gauge fields in AdS 3 , 
of spin s — 1, 2, 3, • ■ • , oo. Furthermore, these gauge generators commute, indicating 
Vasiliev theory with U(l)°° "Chan-Paton factor". At the level of bulk equation of 
motion, we expect the infinite family of Vasiliev theories to decouple. They only 
interact through the AdS^ boundary conditions that mix the matter scalar fields. The 
boundary condition is such that the "right moving" modes of <p(x) on the circle, namely 
<p r with r>0(r = |, §,•••) are dual to operators of dimension A + = 1 + A, whereas 
p r with r < are dual to operators of dimension A_ = 1 — A. As a consequence of 
this boundary condition, the corresponding generating operator <p(x; z, z) in the CFT 
has two-point function 

(p(x;z,zMy,0)}= £ e irx+ls y{p r {z)pM)= f ' ' 



-1/2 



2+2A | - 2-2A / 2 Sin X ~ V 



(9.1 
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in the large N limit. 

Note that the spin-1 gauge field is included here. It is also natural to include the 
massless scalar u n , of spin s = 0. \<^{x)) labels a complex massive scalar in Ad S3, 
for each x. This spectrum precisely fits into Vasiliev's system in three dimensions. In 
earlier works, we did not consider the spin-1 gauge field in Vasiliev theory, because it is 
governed by U(l) x U (1) Chern-Simons action and would decouple from the higher spin 
gravity if it weren't for the matter scalar field. It is possible to choose the boundary 
condition on the spin-1 Chern-Simons gauge field in AdS$ so that there is no dual 
spin-1 current in the boundary CFT. This is presumably why the spin-1 current 3q {z) 
is missing from the spectrum of Wn minimal model. But the spin-1 currents jn\z) 
do exist in the infinite N limit. Usually, in three-dimensional Vasiliev theory, there is 
no propagating massless scalar field either. There is however, an auxiliary scalar field 
C aU x |8J, whose equation of motion at the linearized level takes the form V M C aux = 0. 
Classically, we could trade this equation with the massless Klein-Gordon equation 
OC aux = 0, together with the A = boundary condition which eliminates normalizable 
finite energy states of this field in AdS%. If this scalar field acquires a small mass, of 
order 1/N due to quantum corrections, then the boundary condition would allow for 
a normalizable state in AdS% of very small energy/conformal weight. We believe that 
this is the origin of the elementary light scalars u n themselves, in the infinite family of 
Vasiliev systems parameterized by the circle. 

The identification of the single-trace operators, dual to elementary particles in the 
bulk, makes sense a priori only in the infinite N limit. Non-perturbatively, or at finite 

~ (s) 

N, k, the infinite family <j) n , <j) n , oo n ,jn should be cut off to a finite family. Due to the 
restrictions on the unitary representations of SU(N) current algebra at level k or k + 1, 
we expect the subscript n which counts the number of boxes in the Young tableau in 
the construction of the single-trace primaries to be cut off at n ~ k. This means that 
the circle that parameterize a continuous family of Vasiliev theories in AdS% should be 
rendered discrete, with spacing ~ 2n/k. 

10 Discussion 

We have proposed that the holographic dual of Wn minimal model in the 't Hooft limit, 
k,N — > 00, < A < 1, is a circle worth of Vasiliev theories in AdS% that couple with one 
another only through the boundary conditions on the matter scalars, which break all 
but one single tower of higher spin symmetries. It would seem to be a natural question 
to ask what is the CFT dual to the bulk theory with symmetry-preserving boundary 
conditions, that assign say the same scaling dimension A + to all matter scalars. If we 
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are to flip the boundary condition on n , on the CFT side this corresponds to turning 
on the double trace deformation by <f) n <j) n and flow to the critical point (IR in this 
case). This deformation decreases the central charge c ~ N(l — A 2 ) by an order N° 
amount. It is unclear what is the fixed point one ends up with by turning on double 
trace deformations 4> n (ft n for all n (which should be cut off at ~ k), if there is such a 
nontrivial critical point at all. 

There has been an alternative proposal on the holographic dual of Wn minimal 
model [HI [20j IIH]> as Vasiliev theory based on hs[N] ~ sl(N) higher spin algebra, 
with families of conical deficit solutions included to account for the primaries missing 
from the perturbative spectrum of Vasiliev theory. On the face of it, this proposal 
involves an entirely different limit, where N is held fixed, and an analytic continuation 
is performed in k so that the central charge c is large. The resulting CFT is not 
unitary. Furthermore, it is unclear to us that the analog of large N (or rather, large c) 
factorization holds in this limit, which would be necessary for the holographic dual to 
be weakly coupled. 

There is also an intriguing parallel between the 't Hooft limit of Wn minimal model 
in two dimensions and Chern-Simons vector model in three dimensions. While the 
gauge invariant local operators and their correlation functions on M? or S 3 in the three 
dimensional Chern-Simons vector model are expected to be computed by the parity 
violating Vasiliev theory in AdS& to all order in 1/N, the duality in its naive form 
is not expected to hold for the CFT on three-manifolds of nontrivial topology (e.g. 
when the spatial manifold is a torus or a higher genus surface). This is because the 
topological degrees of freedom of the Chern-Simons gauge fields cannot be captured by 
a semi-classical theory in the bulk with Newton's constant that scales like 1/N rather 
than 1/N 2 . In a similar manner, the Wn minimal model CFT on M? or S 2 in the large 
iV admits a closed subsector, generated by the OPEs of the primary <fi\ along with 
higher spin currents, that is conjectured to be perturbatively dual to Vasiliev theory 
in AdSs. This duality makes sense only perturbatively in 1/N. The light primaries 
which in a sense arise from twistor sectors must be included to ensure that the CFT is 
modular invariant. Here we see that the bulk theory should be extended as well, to an 
infinite family of Vasiliev theories. It would be interesting to understand the analogous 
statement in the AdS^/CFT^ example, where the connection to ordinary string theory 
is better understood [T7] . 
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A Higher spin charges 

The higher spin charges of primary operators can be computed using the Coulomb gas 
formalism reviewed in The higher spin currents can be constructed by first 
considering the differential operator of order N: 



N 



(2iv ) N V N 



: ]J{2iv d + hi ■ dX) :, 



(A.l) 



8=1 



then expanding this differential operator as 



N 




(A.2) 



8=1 
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are quasi-primary operators of dimension- s. The dimension-,? primary operator 
can be constructed from Z/w, for example: 

W (3) = Z7 (3)_^2 (2iu(j)9?7 (2) ) 

WW = uW _ ^_^ (2wo )^( 3 ) + (iV ~ ^ - 3) (2n; ) 2 ,9 2 ^ 2 > 

(iV -2)(iV-3)(5iV + 7) (2) 2 
10A 2 (A 2 - 1) ' 1 ' " 

2 28 



(Af ~ 2)(JV S4 3)(JV " 4) < 2i ^ W2> 

( ^x^ 4) -T i3 v - w : u<2)dui2) ■ - 2 ■ umum ■ ) 



(A.3) 

The the zero mode of the quasi-primaries acting on a primary operator exp(zt> ■ X) 
gives 

k 

u k (v) = H)*- 1 H{v-K + (k-j)v ). (A.4) 

ti<— <ifc 3=1 

where 



, , , — fc-i 

^-A + - A /^A_, /i^wi-Vtt,. (A.5) 

' i=l 

The higher spin charges w/~ are by from (1A.3|) . We conjecture that the higher spin 
charges of n , in the large N limit, are 

WM = T(2s-1)T { 1 + Xy (A - 6) 
and the higher spin charges of n are 

~ (-.)- 2 r(,) 2 r(A + g ) 
WsM = r( 2a -i)r(i + A) • (A ' 7) 

These two formulas are checked up to n = 2, s = 5. We also conjecture that in the 
large N limit the higher spin charges of u n are n times the higher spin charges of o>i, 
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and the higher spin charges of u n up to spin-5 are 

n\ 2 



W 2 (u n ) 
W 3 (uJn) 



2N ' 
n\ 3 



6N ' 

nA 2 (l + A 2 ) 



( A - 8 ) 



20N 



, . .nA 3 (5 + A 2 ) 
The above formulas are checked up to n = 3. 

B An approximately conserved spin- 2 current 

The approximately conserved spin-2 field takes the form as 

;(2)\ /wW 3 ^r W „W3) „-\^2> 



(jT), = « (Wi*> - ^L-ij L-iU\ = a(W^> - i\d 2 )u u (B.l) 
where a is a normalization constant. We check that this is a Virasoro primary operator: 

LAW^l - iA<9 2 Vi = Uw {3 ) - 2iXL^] Ul = 0, 

L J (B.2) 

^(Wl? - iA9 2 )w! = (6u> 3 - 6i/iA)wi = 0, 
where we have used the null-state equation for c^: 

= ^,9^. (B.3) 
2 

Let us compute the normalization constant a. Considering the three-point function 
(w (z)Qi{zi){W^l — i\d 2 )ui(z 2 )^, since it is a three-point function of three conformal 
primaries, it takes the form as 

{w^moyS - «av><*>) - ( ,_^_: m _, 2) - - (B.4) 

The structure constant a\ can be determined by performing contour integral § Z2 dz(z — 
z 2 ) A on the both hand side. On RHS, we obtain 

d Gl (B 

22 (z - Zi)(z - z 2 ){z 1 - z 2 )- x 1 
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On LHS, we have 

Q 1 (z 1 )wi 3 \wS - iXcP)u x {z 2 )) = (u 1 (z 1 ) (W {4) + ^(A 2 - 4)L - l2i\W^ 

2A 2 (1 - A 2 ) 



N 

Now, we perform a contour integral J dz on (1B.4j) . we obtain 



W^lu^z^W^l - zA9 2 )o;i(z 2 )\ = * ciz 

</zi 



(z - zi)(z - Z 2 ) 5 (zi - Z2Y 1 
ai 2A 2 (1-A 2 ) 1 



Using similar method, we obtain 

b 



(q^W^u^)) = j> dz 



(z - zif(z - z 2 ) 3 {z 1 - z 2 )- 3 
6b iX 3 1 



(z 2 - z x f{ Zl - z 2 )~ 3 iV ( Zl -z 2 y 



We have 



iv - z 2 y 



The normalization constant a is 



2A 2 (1-A 2 )' 



(B.6) 



(B.7) 



(B.8) 



(W® + iXd 2 )^)^ - iXd 2 )^)) = 2X2{ \ T A2) , 1 u . (B.9) 



(B.10) 



C Null-state equations 

The Woo [A], in the c — > 00 limit, and truncating to the generators Wn \ \n\ < s, reduces 
to the wedge algebra hs(X), which is given by 

s+t-\s-t\-l 

\W!£\W®]= J2 9 s u t (rn,n;X)W^ t - u \ (C.l) 

w=2,4,6,- 

where the structure constant g^(m, n 'i A) is 

9u(rn,n;X) = 2 £* tf{\)N' t {m,n), (C.2) 
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and 

N st (x) = V (-l) k Y(u)Y(s - m)Y(s + m)Y(t - n)Y(t + n 

(C.3) 



. T(l + fc)r(« - fc)r(s - m - k)Y(s + m + k-u + l)T(t + n- k)Y(t -n + k-u + 1) 



and 



1 i \ 1 \ 2—u 1—u 

2 > 2 ' 2 ' 2 



LSt 

W = 4-^3 

2 " ' 2 " ' 2 



(C.4) 



g is an arbitrary constant controls the normalization of the higher spin generators. 
In our convention, q = i/4. Using this commutator ( IC.ip . we can derived a set of 
null-state equations for <j> n , <fi n and co n . 

Consider a primary operator O. The descendants of O can be separated into 
two classes. The descendants in the first class are the operators take the form as a 

(si 

combination of W_„, < n < s, acting on O. The rest of the descendants are in 
the second class. The descendants in the first class have the norm of order one, and 
the descendants in the second class have the norm of order N. The bulk dual of 
the descendants in the first class are single- or multi-particle states without boundary 
higher spin gauge field excitation, and the bulk dual descendants in the second class 
are the states with boundary higher spin gauge field excitations. Now, let us focus 
on the primary 0i. The partition of 0i takes the form as (I8.8P after modding out the 
boundary higher spin gauge field character x^, which means that at each level, there 
is only one independent descendent in the first class, which are <9 m 0i's. Therefore, the 
Kac matrices 

for < n < s, are rank 1, and have a singular vector, which gives the null-state 
equation: 

W -nfa = w — i lUVo TTF7 — I ^ I i \ <h- ( C - 6 ) 

Y[n + l)r(2s — l)T(n + A + 1) 

Similarly, we have the null-state equation for 

W (s)l _ Hr 2 T(s)T(n + s)T(s-X) ~ 

W ~ n(t)l ~ Y(n + l)Y{2s-l)Y(n-\ + l) d ^ (C ' 7) 

Next, let us consider the operator u\. After moving out the character of boundary 
higher spin gauge fields, the character of uj\ takes the form as 



(C.5) 



^+X~ = 1 + 9 + 2g 2 + 3g 3 + --- . (C.{ 
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At level one, there is one descendent in the first class, which is (jx)z or dui, and the 
Kac matrix 

[Li, If-i], [Wi a \L-i] 
is rank one, and gives the null-state equations: 



(C.9) 



2h 



dui. 



Plugging in the value of the higher spin charges, we obtain 



(CIO) 



A 



1 + X \ 

— 5 — 

.A(5 + A 2 ) 



14 



duii. 



(c.n; 



At level two, there are two descendants in the first class. They are dj[^ and jf or 
d 2 U\ and W_)u\. The Kac matrix 



;(2) 



/ [LlLl 1 ],[Wi i \L>_ 1 },[W?\Ll 1 } \ 



[LlW { _%[Wr , ,W^},[Wr , ,W^ 

\[Ll w% [w!?\ w% \w!f\ W«] J 

has one singular vector. For s — 4, this gives the null state equation 



(3) u/(3)l 



W(3)l 



(C.12) 



(C.13) 



In general, at level n, there are n independent descendants in the first class, and they 



are d n 1 j± , d n 2 j\ 



2,(2) 



and jj n ' ) , or d n ui, d n 1 W^2^i, " ' , and W_£~ X) Ui, where we 



-lU/(3) 



(n+1), 



have suppressed the z index. 



D Wn characters 

As reviewed in [H] , the characters of the primary operators in the Wn minimal model 
are given by the formula 

*(A + ,A-) = ™ £ eW** 1 ^**^ (D.l) 
/l ' wew,ner„„, 
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where p = k + N,p' = k + N + l, W is the Weyl group, T pp i is y/pp 1 times the root 
lattice A root , and A, A' are 



A 



-(A+ + P), A' 



(D.2) 



In the large N limit, the terms with nonzero n in the summation over the lattice T pp i 
are of order 0(q N ), and can be ignored. By evaluating the formula (ID.lj) . we obtain 
the following characters: 

X(o,o) = l + q 2 + 2q 3 + ■■■ 
X(no) = q ha ' a) (1 + q + 2g 2 + 4g 3 + • • • ) 
X ( g, ) = Q hm (l + g + 3g 2 + 5g 3 + ---) 
X(m,o) = Q h(m0) (1 + g + 3g 2 + 5g 3 + • • • ) 
Xfl n , = g fc< & 0) (l + g + 3g 2 + 6g 3 + • • • ) 



( & o) 

X ( p i0 ) = ^ (p ' 0) (1 + 2g + 4g 2 + 9g 3 + • • ■ ) 
X<tm,o) = q h{ ^ 0) (l + g + 3g 2 + 6g 3 + • • • ) 
*(□,□) = q h{aD) (l + g + 3g 2 + 6g 3 + ---) 
X(m,m) = ? h(m ' m) (1 + g + 3g 2 + 6g 3 + • • • ) 
x^q = q h<m (l + g + V + 8g 3 + ---) 
Xlrrmrt = g ft(m ' m) (l + g + 3g 2 + 6g 3 + • • • ) 
X<pp = g h( ™ (1 + 2g + 6g 2 + 14g 3 + • • • ) 



X. 



g h <&§> (1 + g + 4g 2 + 9g 3 + • ■ ■ ) 



X(mc) = <? h(m ' D) (1 + g + 3g 2 + 6g 3 + • • • ) 
X(g,p) = g h(B ' D) (1 + 2g + 4g 2 + 9g 3 + ■ ■ • ) 
X(rm,m) = g h(m ' m) (l + g + 3g 2 + 6g 3 + • • • ) 
X ( p a = g" (p ' ra) (1 + 2g + 5g 2 + llg 3 + • • • ) 
X$pQ = Q h(B1& (1 + 2g + 5q 2 + 12q 3 + • • • ) 
X §B) = ^ ( x + 2g + 5g 2 + Hg 3 + • • • ) 

= g h(p ' D) (1 + 2g + 5q 2 + llq 3 + • • • ) 
Xn = q h ®" } (1 + 2g + 5g 2 + 10g 3 + • ■ ■ ) 



(D.3) 



Xflmm = g ft(ra ' D) (1 + g + 3g 2 + 6g 3 + • • • ) 
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X(mO = qh(cnB ( x + 2 <? + 5 <? 2 + 10 <? 3 + • • • ) 
^(B,m) = ^ (B ' m) (! + 2 9 + 5 <? 2 + 10 <? 3 + ■ • • ) 



X 



§m) 



(l + 2g + 6g 2 + 12g 3 + ■ • • ) 



= q h{an& (l + 2q + 5q 2 + llg 3 + • • • ) 
X(tmEP = (1 + 2g + 5g 2 + llg 3 + • • • ) 



g^fffl) (1 + 3g + 7g 2 + 17g 3 + • • • ) (D.4) 
= q h &® (l + 2q + 6g 2 + 13g 3 + • • • ) 



X(ffta) = (1 + 2g + 5g 2 + llg 3 + ■ • • ) 

X^p> = ^ (1 + 3g + 7g 2 + 17g 3 + • • • ) 

x §nn) = qh{S,@ ( 1 + 2q + 6< ? + 13 ^ + " " " ) 
E Some three-point functions 

In this section, we will compute several three-point functions involving the approxi- 
mately conserved spin-1 current (j n )z- F° r simplicity, we will suppress the index z 
in the following discussion. Let us first consider the three-point functions of the form 
jn (fim&n-m+i/- They are given by taking a derivative on the three-point function 



Un^m^n-m+iJ- For example, by taking one derivative on 
we obtian 

Similarly by taking a derivative on (14. 2 p and (14. 2p . we obtain 

jf \z X )U^)h{Zz)) = (#\zi)Mz2)iM)) = (&\*x)fc&)Hz*)) = 6f ) (^l)03(^2)|l(^3) 



N \zi 2 \ 2X \z 23 \ 2 \z l3 \- 2X \z 13 z 12 



1 



(E.3) 



We postulate the general form of the three-point function to be 
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Next, let us consider the three-point function of the form \ jn^ (pm'Pn+rrij an d (jn^ 4>m4>n+mJ ■ 
The computation of this three-point function is a bit subtle. Let us first show an ex- 
ample (^j^\zi)(pi{z2)(j)2{zz) S j ■ To compute this three-point function, we consider the 
three-point functions: 

(wi(zi)<£i(z2)(m,a)(z 3 )) 

u 1 (z 1 )(f) 1 (z 2 )(^n)(z 3 



V% |^23| 2,l(n ' 0)+2fe(S ' B)_2,l(n ' D) \zi2\ 2h(p ' 0)+2h(na) ~ 2h(mS) \zi3\ 2h ( S ' S > +2h &°>~ 2h ( n W ' 
1 1 



y/2 \ Z23 \ 2h (a.0)+ 2h (B,5r 2h (°,°) \ Zl2 \ 2h (u»)+ 2h (n,n)- 2h m | ^3 | 2/l (&B) + 2 V 

(E.5) 

By taking the derivative d Zl and taking the large N limit, we obtain 

(du 1 (z 1 )(p 1 (z2)(m,o)(z 3 )} = 

(E.6) 



V2\z 23 \ 2 ^ \Nz 12 N z 12/ 
A 1 A - A 2 1 



N z 12 

Taking the difference of these two three-point functions, we obtain 

..a), . . , ,t , ,\ 1 1 ( 1 n 



In a similar way, we also compute the three-point functions 



(^1)02(^)03(^3)) = (j 2 iJ (^l)0l(^)03(^3)> = -7= 1 , 2(1+A) — 

ViV \Z23\ K ' \Zl2 Z13 J 



(E.8) 



1 I f\ 1_\ (E-9) 



and also 

|j1 1) (^i)0i(^2)02(^3)) = (ji 1) (^l)02(^2)03(^3)) = ( 3^ ( Z l )01 (^)03 fo) 



VN k23| 2(1 ~ A) \Zl2 -213 

We postulate the general form of these kind of three-point functions to be 

<jl 1) (^i)0 m (^)0 n+m (, 3 )> = 7^^(TTI) - ^) > 



(E.10) 
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